In this paper, the existence and uniqueness of strong solution of the inverse problem of determining the right-hand side of pseudoparabolic equation describing the motion of Kelvin-Voight fluids is investigated. The unknown coefficient in the equation defends on space variable. The original inverse problem is reduced to an equivalent inverse problem. The equivalent inverse problem is reduced to an operator equation of second kind. The unique solvability of this operator equation is proved.
Introduction
In this paper we study the unique solvability of the following inverse problem of finding the triple of the vector-functions ( v, ∇p, f (x)), satisfying the system of linear equations: v t (x, t) − χ∆ v t (x, t) − ν∆ v (x, t) + ∇p (x, t) = f (x)g (x, t) + h (x, t) , (1) div v = 0, (x, t) ∈ Q T ,
the initial condition v| t=0 = v 0 (x) , x ∈ Ω,
the boundary condition v| ∂Ω = 0, t ∈ (0, T ),
and the integral overdetermination conditions
∇p (x, t) w(t)dt = ∇b(x), x ∈ Ω.
Here, Ω is a bounded domain in R n (n = 2, 3) with smooth boundary ∂Ω, Q T = Ω × [0, T ], and g(x, t), h(x, t), v 0 (x), a(x), ∇b(x), and w(t) are given functions, while the velocity vector field v(x, t), the gradient of pressure ∇p(x, t), and the coefficient f (x) are unknown. The known positive constants ν and χ denote the viscosity and relaxation coefficients, respectively, of the fluid.
The system (1)- (4) is model of the motion of a Kelvin-Voight viscoelastic incompressible fluid. It was introduced by A. P. Oskolkov in [11] as a model of motion of linear viscoelastic non-Newtonian fluids.
The system of equations (1)-(2) with χ = 0 becomes to classical linear Navier-Stokes system. Inverse problems of determining the right said for parabolic equations, Navier-Stokes equations with an integral overdetermination conditions respect to time and spatial variables were studied in [1] , [3] , [4] , [6] , [7] , [14] , [15] , and the references therein.
The equation (1) belongs to the class of pseudoparabolic (Sobolev type) equations. Inverse problems for pseudoparabolic equations determining unknown coefficients with an additional information conditions were investigated in [2] , [5] , [10] , [16] (see the reference therein).
The existence and uniqueness of the weak solution of inverse problem determining right-hand side depending on time for system of Kelvin-Voight equations was studied in [8] .
The unique solvability of direct problem (1)-(4) in sobolev spaces well studied by A. P. Oskolkov in [11] - [13] under some assumptions on the date. In particular, by [12] , there exists a unique solution
(Ω))×L 2 (Q T ) of this problem and, moreover, the inequality holds
Preliminary
In this paper we use standard notation of functional spaces and their norms accepted in [9] . We also apply the following well known inequalities:
The Poincaré-Friedrichs inequality [9] 
where θ depends on size of Ω. The Cauchy inequality with weight ε |ab| ≤ ε 2 a 2 + 1 2ε b 2 , which holds for any ε > 0, and for arbitrary a, b ∈ R. (8) We assume that the functions appearing in the data of the problem are measurable and satisfy the following conditions:
where K g , g 0 positive constants.
Unique solvability of the inverse problem
The solution of inverse problem (1)- (5) is understood in the following sense.
and all relations (1)- (5) are satisfied almost everywhere in the corresponding domains.
Here V := closure of
(Ω). Since the problem (1)- (5) is linear, we seek a solution of the inverse problem (1)- (5) as
where { ϑ, ∇π, 0} is the solution of the direct problem
while { u, ∇q, f (x)} is the solution of the inverse problem
where
By [12] , the direct problem (11)-(14) has a unique solution
It follows that the unique solvability of original inverse problem (1)- (5) is equivalent to the unique solvability of the inverse problem (15)-(19). Therefore, we will study the unique solvability of the inverse problem (15)-(19). Now we derive the operator equation for the unknown function f (x) over the space L 2 (Ω). Let us first choose a function f (x) arbitrary in the space L 2 (Ω). After the substitution of f (x) in (15), system (15)-(18) can be used for determining a pair of functions { u(x, t), ∇q} as a solution of the direct problem (15)-(18). By Ref. [11] - [13] the direct problem (15)-(18) has a unique solution ( u(x, t), ∇q) and
and the estimate in the form (7) holds.
Hence, the established correspondence between f (x) and { u(x, t), ∇q} allows to introduce a linear operator
by the relation
and u is the solution of direct problem (15)- (18) corresponding to f . By condition (C3), |g T (x)| ≥ g 0 > 0 for all x ∈ Ω. Then, it is reasonable to refer to the linear equation of the second kind for the function f in L 2 (Ω)
The following theorem provides proper guidelines for establishing interconnections between the unique solvability of the inverse problem (15)-(19) and the unique existence of a solution to equation (21) and vice versa. Proof. a) Necessity. Assume that the inverse problem (15)-(19) has a unique solution. Let us denote it by ( u, ∇q, f ). Multiply both sites of (15) by w(t) and integrate by t over [0, T ]. Using the conditions (C2), (17), and integrating by parts, we obtain the relation
From (15), (20), and (22) we conclude that f solves the equation f = D f + η. This means that (21) is solvable. b) Sufficiency. Suppose that f ∈ L 2 (Ω) is a solution to (17). By [12] , on the unique solvability of the direct problem we are able to recover ( u, ∇q) ∈
as the solution of (15)-(18) associated with f , so that it remains to show that the functions u and ∇q satisfy the overdetermination conditions in (19). Suppose that
By arguing as in the derivation of (20), we have
On the other hand, f is the solution of (21), i.e.
. By the conditions (C4), (14) and (18), we also have
Subtracting (21) from (24), and combining the result with (25), we see that functions V (x) = ϕ(x) − ϕ 1 (x) and ∇P = ψ(x) − ψ 1 (x) satisfy the Dirichlet problem for the system of Stokes equations
Whence, by [9] the system (26) implies that ϕ(x) = ϕ 1 (x) and ψ(x) = ψ 1 (x) almost everywhere in Ω. Therefore the functions u and ∇q satisfy the overdetermination conditions in (19), respectively, and the triple ( u, ∇q, f ) is a unique solution of the inverse problem (15)-(19).
Theorem 3.3
Suppose that the conditions of Theorem 3.1 are satisfied and
and θ is the constant from the Poincaré-Friedrichs inequality. Then, the inverse problem (1)-(5) has a unique solution { u, ∇q, f }.
Proof. As noted above, it suffices to prove the unique solvability of the inverse problem (15)-(19). To this end, we show that the operator D is defined by (20) is a contraction operator in L 2 (Ω). Using the conditions (C2) and (C3) we have
Combining the inequalities (33), (35), (36), (46) with (42), and substituting the result into (29), we obtain the estimate
where µ is the constant from (28). As µ < 1, (47) implies that the operator D (see (20)) is a contraction operator from L 2 (Ω) to L 2 (Ω). Therefore, the operator equation (21) As noted above, the unique solvability of problem (15)- (19) is equivalent to the unique solvability of the original problem (1)- (5) . The proof of Theorem 3.3 is complete.
